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1. DEFINITION AND RESULTS 
A Lie algebra, L, of dimension n > 0 will be called dimensionally nilpotent 
(DNL-algebra) if L has a nilpotent derivation d such that d”-’ # 0, i.e., 
the rank of d is n - 1. Our purpose, in this note, is to prove the following 
results about such algebras: 
THEOREM 1. A DNL-algebra over a field of characteristic 0 either is 
solvable or is simple of dimension 3. 
THEOREM 2. If L is a solvable DNL-algebra with maximal nilpotent ideal 
N # L over a field of characteristic 0 then 
(1) The codimension of N in L is 1. 
(2) Zf e, E L\N, the derivation of N/N2 induced by ad e, is a scalar 
multiple of the identity transformation. 
(3) N is quasi-cyclic ( = homogeneous). 
(4) ad e, is a nonsingular derivation of N for any e, E L\N. 
(5) L is nilpotent if and only if it has a non-zero center. 
2. PROOF OF THE THEOREMS 
Proof of Theorem 1. Without loss of generality, we may assume the 
base held to be algebraically closed. Let L = S + R be a Levi decomposition 
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of L. If S % L/R # 0 then, since R is a characteristic ideal of L, S is also a 
DNL-algebra. Semi-simple Lie algebras have only inner derivations so 
every direct summand of S is a characteristic ideal and thus, a semi-simple 
DNL-algebra must be simple. Now let ad e be a nilpotent derivation of S 
with rank(ad e) = dim(S) - 1. Kostant [3, p. 997, Corollary 5.31 shows that 
the kernel of ad e has dimension 3 rank of S ( = dimension of a Cartan 
subalgebra of S). Thus S has rank 1 and consequently, S has dimension 3. 
Suppose also that R # 0. We may assume that R is abelian, for R* is a 
characteristic ideal and therefore L/R2 is also a DNL-algebra. However, 
the radical of L/R* is z R/R2 and R/R* = 0 forces R = 0. After this, note 
that [S, R] = R since otherwise L = [L, L] 0 Z(L) which is a direct sum of 
non-zero characteristic ideals. Now let A be a nilpotent derivation of L 
with rank(A) = dim(L) - 1. By a classical theorem of Hochschild [ 11, A 
may be written A = A, + ad(s + r) with s E S, r E R, and A,(S) = 0. A and 
ad(s+ r) induce the same derivation on L/Rx S so that s must be a 
nilpotent element of S and hence ad(s + r) must be nilpotent on R. It 
follows that A,,= A-ad(s+ r) must be nilpotent on R. However, R is the 
direct sum of simple S-modules and A, commutes with the action of S on 
these modules so a rather easy Schur’s lemma argument shows that (being 
nilpotent) A, must be 0. Now A = ad(s + r), but then the kernel of A must 
contain at least two linearly independent elements namely, s + r and some 
element of R. This is a contradiction. 
Proof of Theorem 2. Since any derivation of L maps L into N, (1) is 
immediate. 
Let A be a nilpotent derivation of L with rank (A) = n - 1, where 
n = dim(L) - 1 and choose e, $ N. The elements e,, . . . . e,_ , with 
Ate,) = ei+ 1 3 0 d i < n - 2 must form a basis of L. Consider the Lie algebra 
K = (A) + L which is the semi-direct sum of L and the one dimensional Lie 
algebra spanned by A. [K, K] = N and we see that, if we define 
N, = N, . . . . N,= [K, N,- i], N, is just the space spanned by ej, . . . . e,- i. 
Each N, is an ideal of K and thus [e,, ej] E N, for 1 < j 6 n - 1. Returning 
to L, write [e,, e,] = aiei + e:, where C(~ is in the base field and e; is in the 
space spanned by e, + , , . . . . e, _, (e; ~ i = 0). 
Now suppose N is abelian (or what is the same, work in L/N*). 
A[e,, ei] = A(cr,e,)+ Ael =~(~e~+~ mod(e,+,, . . . . e,-,) 
while 
C4, ~~l+C~~,~~~l=C~~~~,l+C~~~~~+~l=~~+l~i+~. 
Thus, c(i=c(*= ... =anp, # 0 and (2) is proved; (3), (4), and (5) follow 
easily. 
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